A general Hamiltonian approach to black hole thermodynamics is used to study entropy and conserved charges for Kerr-AdS solutions in general relativity. These thermodynamic variables are first consistently defined by choosing suitable boundary conditions, and then, they are shown to satisfy the first law of black hole dynamics *
Introduction
Conserved charges of a gravitating system as a whole, energy-momentum and angular momentum, are deeply connected to the asymptotic behaviour of the gravitational field. Early investigations of these concepts in general relativity were focussed on asymptotically flat spacetimes, see for instance [1, 2] . In the mid of 1980s, the conserved charges were defined and calculated also for asymptotically anti-de Sitter (AdS) solutions [3] . Although these quantities are the subject in their own right, they also play an essential role in black hole thermodynamics. In the early 1990s, an important progress has been made by interpreting black hole entropy, in asymptotically flat spacetimes, as the gravitational charge on horizon [4, 5] . However, the relation between entropy, conserved charges and angular velocity for asymptotically AdS black holes, studied more intensively from the end of 1990s, turns out to be a subject with controversial aspects, see Gibbons [6] .
Recently, a Hamiltonian approach to entropy has been proposed [7] , describing conserved charges and entropy for any black hole as canonical charges at infinity and on horizon, respectively. It was applied to Schwarzschild-AdS black holes with or without torsion [7] , asymptotically flat Kerr black holes [8] and to three-dimensional Kerr-AdS black holes [9] . The approach worked so well that we were tempted to go on and analyze a more complicated case of the four-dimensional Kerr-AdS black hole. In the present paper, we use it to study thermodynamic variables and the first law for Kerr-AdS solution in general relativity with a cosmological constant (GR Λ ).
The paper is organized as follows. In section 2, we review basic aspect of the Hamiltonian approach to entropy. In section. 3, we describe geometry of the Kerr-AdS black hole in the tetrad formalism. In section 4, we use the approach proposed in [7] to calculate energy and angular momentum, and then, in section 5, to derive the expression for entropy and verify the first law of black hole dynamics. In section 6, we discuss some controversial issues regarding the first law, and Appendix A is devoted to technical aspects of surface gravity.
Our conventions remain the same as in Refs. [7, 8] . The latin indices (i, j, . . . ) refer to the local Lorentz frame, the greek indices (µ, ν, . . . ) refer to the coordinate frame, b i is the orthonormal coframe (tetrad), h i is the dual basis (frame) such that h i b k = δ k i , the Lorentz metric is η ij = (1, −1, −1, −1), and ω ij is a metric compatible (antisymmetric) connection. The exterior product of forms is implicit, the volume 4-form isǫ = b 0 b 1 b 2 b 3 , the Hodge dual of a form α is denoted by ⋆ α, with ⋆ 1 =ǫ, and the totally antisymmetric symbol ε ijmn is normalized to ε 0123 = +1.
General formalism
In the Hamiltonian approach to entropy proposed in Ref. [7] , a generalized concept of entropy is introduced in the framework of Poincaré gauge theory [10, 11] . By construction, Poincaré gauge theory is characterized by a Riemann-Cartan geometry of the underlying spacetime continuum, in which both the torsion and the curvature determine the gravitational dynamics. Adopting the requirement of vanishing torsion, this approach can be equally well applied to Riemannian spacetimes.
To examine black hole entropy in Riemannian GR Λ , we start with the first-order tetrad formalism, in which basic Lagrangian variables are the coframe b i = b i µ dx µ and the antisymmetric (metric compatible) spin connection ω ij = ω ij µ dx µ (1-forms). These variables are a priori independent. In the absence of matter, the gravitational dynamics is determined by the Lagrangian
where R ij = dω ij + ω i k ω kj is the curvature 2-form, a 0 = 1/16π (in units G = 1), and Λ 0 is a cosmological constant.
The field equations are derived by varying L G with respect to b i and ω ij :
whereǫ i := h iǫ and ∇ is the covariant derivative. The second equation implies the vanishing of torsion, T i := ∇b i ≡ db i + ω i k b k = 0, and consequently, ω ij becomes a Riemannian connection, completely determined by the coframe b i . When such an ω ij is substituted into the first equation, the result is equivalent to Einstein's equation for GR Λ in vacuum.
The Hamiltonian approach to entropy [7] originated from the canonical realization of the idea that entropy is the Noether charge, see Wald [4] and Jacobson et al. [5] . To clarify the idea, recall that the canonical charges are defined by certain boundary terms at spatial infinity [2] . Then, by extending the concept of charge, one can naturally define entropy by the same type of boundary terms, but located on horizon. In other words, entropy is just the canonical charge on horizon. To be more precise, let Σ be a spatial section of spacetime. For spacetime with a black hole, we assume that the boundary of Σ consists of two components, one at infinity and the other on horizon, ∂Σ = S ∞ ∪ S H , so that the total boundary term Γ has the form Γ := Γ ∞ − Γ H (different signs reflect opposite orientations of S H and S ∞ ). In the case of a manifestly stationary and axially symmetric black hole in GR Λ , with Killing vectors ∂ t and ∂ ϕ , the boundary terms Γ ∞ and Γ H are defined by the variational equations
where ξ is a Killing vector (∂ t or ∂ ϕ on S ∞ , and a linear combination thereof on S H ) and H ij is the covariant momentum
The above form of δB(ξ) is a restriction of the general result found in [7] , to the case of Riemannian spacetimes [9] . The operation δ is determined by an appropriate choice of boundary conditions, which ensures the variational problem to be well-defined.
(a1) The variation δΓ ∞ is realized by varying the parameters of a black hole, leaving the background configuration fixed. (a2) The variation δΓ H is performed by varying parameters of a black hole on horizon, but keeping surface gravity constant, in accordance with the zeroth law.
When the variational equations (2.3) are δ-integrable and the integrals Γ ∞ and Γ H are finite, they are interpreted as the asymptotic canonical charges (energy and angular momentum) and entropy, respectively. Since Γ ∞ and Γ H are defined as a priori independent quantities, relations (2.3) do not tell us anything about the first law. However, one can show that the functional differentiability (regularity) of the canonical generator G, associated to the Killing vectors ∂ t and ∂ ϕ , is ensured by going over to its improved fromG = G + Γ, where Γ = Γ ∞ − Γ H , see Regge and Teitelboim [2] . In other words, δG ≡ δG + δΓ = R, where R stands for regular terms.
which is nothing but the first law of black hole dynamics in its variational form [12] .
Tetrad form of Kerr-AdS geometry
Kerr-AdS metric in Boyer-Linquist coordinates can be written in the form [13, 6] 
The metric is an exact solution of GR Λ for 3a 0 λ + Λ 0 = 0, m and a are parameters of the solution, and α is introduced to normalize the range of ϕ to 2π. The metric has two Killing vectors, ∂ t and ∂ ϕ , and the outher horizon is located at the larger root of ∆(r) = 0:
The line element (3.1) defines the metric components
The angular velocity is given by
For large r, the angular velocity does not vanish, ω = −λa + O 2 . Surface gravity is given by (Appendix A):
.
(3.5)
The form of the metric (3.1) suggests the following orthonormal coframe:
The horizon area is given by
The Riemannian connection has the form
There are two nonvanishing irreducible parts of the curvature 2-form R ij = dω ij + ω i k ω kj , (1) R ij and (6) R ij , see for instance [7, 11] . The Weyl curvature W ij ≡ (1) R ij is given by [14]
where the coefficients C and D are the same as in Kerr spacetime [13, 15] :
The irreducible part (6) R ij , Ricci curvature and the curvature scalar read
The quadratic curvature invariant,
exhibits a singularity at ρ 2 = 0, but not at the horizon r = r ± . For m = 0, the spacetime is described by the AdS geometry in non-standard coordinates, in which metric components depend on the parameter a.
When the above geometric structure is combined with the variational equations (2.3), it allows us to find asymptotic charges and entropy of Kerr-AdS black holes, as well as to verify the validity of the first law (2.4).
Asymptotic charges 4.1 Inadequacy of Boyer-Lindquist coordinates
As noted by Henneaux and Teitelboim [3] , see also Carter [13] , one cannot properly define asymptotic conditions for Kerr-AdS metric in Boyer-Lindquist (BL) coordinates. Although our approach relies on a different, variational procedure, it also leads, as we shall see, to certain problems with BL coordinates, which are essentially caused by the non-standard description of the background geometry. Nevertheless, it is instructive to see how our approach works in the BL coordinates for two reasons: first, it will help us to identify type of the related problems, and second, it will indicate a way towards a proper solution.
To begin with calculations, we need to precisely define the variational procedure. The background geometry is defined by m = 0, but it continues to depend on the parameter a that appears also in the black hole solution. On the other hand, the rule (a1) from section 2 requires to avoid varying over those a ′ s that are associated to the background. How can one practically realize this rule? The answer is given by the following simple rule [9] : Applying this rule to the calculation of energy, one finds the following nonvanishing contributions to δΓ ∞ [∂ t ] (integration is postponed, m-independent terms are subtracted):
where dΩ := sin θdθdϕ. Summing up and integrating over the spatial boundary S ∞ yields
where we used 16πa 0 = 1. We face here a serious problem, intrinsically related to the BL coordinate system: S1. The variational equation (4.2) is not δ-integrable, and without that, the calculation of energy doesn't make sence.
An analogous calculation of δΓ ∞ [∂ ϕ ] leads to
where dΩ ′ := sin 3 θdθdϕ. The resulting expression for the angular momentum is integrable:
Untwisting the BL coordinate system
In their analysis of asymptotically Kerr-AdS spacetimes, Henneaux and Teitelboim [3] introduced boundary conditions in terms of the asymptotic metric configurations which satisfy three main requirements: the set of asymptotic states should contain Kerr-AdS solution, it must be invariant under the SO(2, 3) group of asymptotic symmetries, and the associated boundary terms should be well-defined and finite. Since the metric in the BL coordinates does not obey these requirements, the authors used an implicit coordinate transformation
which untwists the metric (3.1) to the standard asymptotically AdS form; see also Carter [13] . The asymptotic states are not explicitly used in our variational approach, as their role is effectively taken over by the rule (a3). However, the problem with δ-non-integrability of δE t is a signal to reconsider the use of the BL coordinates. It turns out that the problem can be resolved by using only the (T, φ) part (4.5a) of the coordinate transformations (4.5).
Indeed, as we shall see, the (T, φ) transformations are sufficient to untwist the BL frame in a way which ensures δ-integrability of both asymptotic charges. The vector and tensor components in the (T, φ) frame are obtained from their BL expressions by the standard law of coordinate transformations:
As a consequence, the new angular velocity is found to be Ω = g T φ g φφ = ω + λa , In contrast to the old expression (3.4) , Ω vanishes at infinity, which is why the (T, φ) frame is often referred to as non-rotating. In a similar manner, the new components of the coframe and connection 1-forms are obtained from the BL expressions (3.6) and (3.8) :
Now, we are ready to calculate the asymptotic charges. Starting from the variational equations (2.3), energy and angular momentum are defined by the relations
respectively. These definitions, combined with the relations (4.8), make the final step surprisingly simple:
Since both relations are δ-integrable, the corresponding asymptotic charges are
S2. The asymptotic charges are well defined in the (T, φ) frame which is non-rotating at infinity with respect to the AdS background.
Thus, the problem with δ-non-integrability of δE t is solved by going over to the (T, φ) frame. The charges (4.11) coincide with those obtained originally by Henneaux and Teitelboim [3] , and confirmed in a different context by Hecht and Nester [16] ; see also Refs. [17, 18] .
Entropy and the first law
In the (T, φ) coordinate system, entropy is determined by the variational equation for Γ H (ξ) with ξ = ∂ T − Ω + ∂ φ . Starting with the relations
where a = 1, 2, 3, one finds 
(5.4)
Concluding remarks
In the present paper, we studied entropy and asymptotic charges for Kerr-AdS black holes in GR Λ , using the general Hamiltonian approach proposed in Ref. [7] . The thermodynamic variables are first consistently defined via the variational equations (2.3) in the (T, φ) frame, and then, they are shown to satisfy the first law of black hole dynamics. Controversial aspects of the first law of black hole dynamics for Kerr-AdS solutions have been discussed in detail by Gibbons et al. [6] . To compare our results with those existing in the literature, we use the Euclidean action formalism to express the value of the action integral in the form I 4 = T −1 F , where the free energy F is given by [6, 19, 20] 
One can directly verify that our thermodynamic variables V = (E T , E φ , Ω + , S) satisfy the quantum statistical relation
whereas the Smarr formula [21] fails to hold for λ = 0:
However, treating the cosmological constant as a new thermodynamic variable analogous to pressure, one can formulate a generalized Smarr formula, see Altamirano et al. [22] .
Hawking et al. [23] use a different set of thermodynamic variables:
where E ′ is different from E T , and ω + refers to the BL frame. It is interesting that these variables also satisfy the quantum statistical relation
However, the validity of the quantum statistical relation does not guarantee the consistency of the variables that satisfy it. Namely, although the expression E ′ can be formally calculated in the BL frame, see Refs. [23, 24, 25] , the result does not have an acceptable physical interpretation, since energy is not a well-defined concept in the BL frame; see section 4, or the arguments given in Ref. [3] . It is therefore not surprising that the variables V ′ do not satisfy the first law [6] . We expect that the Hamiltonian approach used in the present paper can be consistetly extended to Kerr-AdS black holes in Poincaré gauge theory [26, 27] .
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A Surface gravity
To calculate surface gravity of the Kerr-AdS black hole, it is convenient to represent its metric in the generic form, based on the ADM variablesN andN ϕ : ds 2 =N 2 dt 2 − dr 2 F 2 + g ϕϕ (dϕ +N ϕ dt) 2 + g θθ dθ 2 , = g tt dt 2 − dr 2 F 2 + 2g tϕ dtdϕ + g ϕϕ dϕ 2 + g θθ dθ 2 , (A.1a) where x µ = (t, r, θ, ϕ) are Schwarzschild-like coordinates, and
We assume that F vanishes on horizon, F (r + ) = 0, but g :=N /F does not, g(r + ) = 0. Performing the coordinate transformation dv = dt + 1 gF 2 dr , dψ = dϕ −N ϕ gF 2 dr , (A.2) one can bring the metric (A.1) to the Edington-Finkelstein form ds 2 = g tt dv 2 − 2gdvdr + 2g tϕ dvdψ + g ϕϕ dψ 2 + g θθ dθ 2 , (A.3)
which is regular on horizon. Then, using the Killing vector ξ = ∂ v − ω + ∂ ψ , surface gravity can be calculated from the relation ∂ µ ξ 2 = −2κξ µ at horizon:
Applying this general result in the BL frame, one obtains
(A.5)
On the other hand, the identity
ensures that the value ofN 2 , as well as of κ, remains the same in the (T, φ) frame.
